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We consider quantum scattering of particles in media exhibiting strong dispersion degeneracy. In
particular, we study flat-banded lattices and linearly dispersed energy bands. The former constitute
a prime example of single-particle frustration while the latter show degeneracy at the few- and many-
particle level. We investigate both impurity and two-body scattering and show that, quite generally,
scattering does not occur, which we relate to the fact that transition matrices vanish on the energy
shell. We prove that scattering is instead replaced by projections onto band-projected eigenstates
of the interaction potential. We then use the general results to obtain localised flat band states
that are eigenstates of impurity potentials with vanishing eigenvalues in one-dimensional flat bands
and study the particular case of a sawtooth lattice. We also uncover the relation between certain
solutions of one-dimensional systems that have been categorised as ”strange”, and the scattering
states in linearly dispersed continuum systems.
PACS numbers:
I. INTRODUCTION
The behavior of quantum systems is to a large extent
controlled by the competition between the kinetic energy
and the interaction energy. The former tends to drive
a system towards delocalisation in order to minimise the
spatial variation of quantum states, while the latter tends
to drive the system towards localisation in the minima
of the interaction potential. This is the case irrespec-
tive of whether one is interested in few- or many-body
systems, and whether one studies particles on a lattice
or in the continuum. For instance, in few-body physics
bound states are more likely in lower spatial dimension
due to reduced kinetic energy [1–4]. For many-body sys-
tems, there is also a strong dependence on the spatial di-
mension when considering collective quantum states such
as superconductors and condensates as the coherence of
many-body systems becomes relatively weaker in lower
dimension [5–7].
Another path to the study of kinetic versus interaction
energy in quantum systems is via changes to the disper-
sion relation, i.e. to the particular form that the kinetic
energy takes as a function of the momentum. By chang-
ing the dispersion relation from the usual quadratic form
one may influence the competition of effects and thus ex-
plore a richer variety of quantum behaviour. Here we are
interested in few-body physics with non-standard disper-
sion relations. The first step towards an understanding
of such systems is the determination of the scattering
properties of particles, i.e. single particle scattering off
an impurity that is represented by a given potential and
two particles scattering off each other.
An interesting and important case is the limit where
the dispersion is essentially flat in the sense that the sin-
gle particle energy is independent of the momentum or
quasi-momentum of the particle. In the context of lat-
tices, this is called a flat band. The lack of kinetic en-
ergy means that interactions are decisive, and one may
expect to see strong localization in such systems. How-
ever, superfluidity and kinetic behaviour can be induced
by interactions [8–12]. This sort of band can be achieved
in many different lattices including the dice lattice [13–
16], stub lattice (1D Lieb lattice) or diamond lattices
[17], the sawtooth lattice [18, 19], Kagome lattices [20],
and Lieb lattices [21]. For a theoretical discussion on
how to construct general flat band lattices see Ref. [22].
Flat bands have been considered in many-body physics
of the Hubbard model as a driver for ferromagnetism on
so-called line graphs [23] of which the Kagome lattice
is one example [24], and more generally if the flat band
has more states than there are electrons in the system
[25]. Lattices that contain flat bands have been real-
ized experimentally using a diverse variety of physical
systems including stub lattices with optical cavities [26],
sawtooth [27], Kagome [29], and Lieb lattices [30] with
photonic lattices, Kagome [28] and Lieb [31] lattices with
cold atoms, and most recently the Lieb lattice realization
using electronic surface states on an appropriately doped
surface has been reported [32].
Flat bands are a very interesting case of the general
phenomenon of non-trivial dispersion relations, and sys-
tems that display such behavior are attracting much at-
tention at the moment. A particularly prominent exam-
ple is graphene, a two-dimensional material with a lin-
ear dispersion around the Fermi energy, i.e. a behavior
expected of particles in the relativistic regime (or mass-
less particles). This feature can be generalized to three-
dimensional materials with linear dispersions which are
typically called either Dirac or Weyl semi-metals depend-
ing on whether time-reversal or parity symmetry is bro-
ken or not. In fact, a new subfield has emerged studying
these so-called Dirac materials [33]. These systems are
very interesting also from a few-body point of view due to
their non-trivial scattering properties [34–37]. We note
2that truly flat bands are also of great interest in the con-
text of graphene [38, 39].
Within the field of cold atoms, a recent direction of
great interest is the production of artificial gauge po-
tentials [40]. In particular, different kinds of spin-orbit
coupling known mostly from condensed-matter contexts,
Rashba/Dresselhaus spin-orbit coupling, have been ex-
plored extensively both theoretically and experimentally
[41, 42]. In the few-body community there has also been
a flurry of activity in spin-orbit coupled systems with
its non-trivial dispersion. In particular, the scattering
properties have been discussed recently [43–48] as well as
the effects of spin-orbit coupling on systems that are in
a harmonic trap [49–54]. Furthermore, the three-body
physics of these systems has also been found to be very
rich [55–57].
In this paper we study potential scattering and two-
body scattering for particles that either live on a lattice
with a flat single-particle dispersion, or that are in a con-
tinuum system with a purely linear dispersion. We find
in general that there is no scattering, strictly speaking,
in these systems, and scattering states can be written as
a projection of the incident Bloch waves onto the null
subspace of the interaction potential, thereby generalis-
ing the continuum results for intrabranch collisions in a
Luttinger liquid [58]. We also construct localised eigen-
states for these systems in one dimension and apply our
general results to a particular flat-banded system – the
so-called sawtooth lattice.
II. POTENTIAL SCATTERING
We begin by considering the simplest non-trivial sce-
nario consisting of a single particle colliding with a short-
range potential in an otherwise periodic lattice struc-
ture. We denote the non-interacting Hamiltonian by Hˆ0
and the “impurity” potential by Vˆ . We further assume,
without loss of generality, that the system possesses a
finite number of bands labeled by σ = 1, . . . , n, one of
them being flat, namely σn, while the other n− 1 bands,
i.e. σ1, σ2, . . . , σn−1, are in principle dispersive. We de-
note the different energy dispersions by Eσj (k), with k
in the first Brillouin zone (1BZ), while their correspond-
ing eigenstates (Bloch waves), are denoted by |σjk〉, such
that
Hˆ0|σk〉 = Eσ(k)|σk〉. (1)
We further assume that the flat band is gapped, that
is, Eσn(k) ≡ Eσn 6= Eσj (k) for j = 1, . . . , n − 1 and
∀k ∈ 1BZ.
In order to evaluate the collisional properties of the
system, we need to solve the Lippmann-Schwinger equa-
tion for the T-matrix at (complex) energy z, which reads
Tˆ (z) = Vˆ + Vˆ Gˆ(0)(z)Tˆ (z). (2)
Above, G(0)(z) ≡ (z − Hˆ0)−1 is the non-interacting
Green’s function at energy z. We work directly in the
infinite volume limit, and in the quasi-momentum rep-
resentation. We denote the volume of the first Brillouin
zone by Ω, and normalize the single-particle states such
that 〈σ′k′|σk〉 = Ωδσ,σ′δ(k′−k). With these definitions,
a resolution of the identity can be written as
1ˆ =
n∑
τ=1
1
Ω
∫
1BZ
dq|τq〉〈τq|. (3)
The equations satisfied by the elements of the T-
matrix are then obtained by inserting Eq. (3) into the
Lippmann-Schwinger equation, which yields
〈σ′k′|Tˆ (z)|σk〉 = 〈σ′k′|Vˆ |σk〉
+
n∑
τ=1
1
Ω
∫
1BZ
dq
〈σ′k′|Vˆ |τq〉〈τq|Tˆ (z)|σk〉
z − Eτ (q) . (4)
Until here, we have simply written down the Lippmann-
Schwinger equation of potential scattering for a general
multiband system. We now proceed to studying scatter-
ing of a particle with incident quasi-momentum k and
incident band index σn, that is, on the flat band. To
this end, we go on the energy shell by setting z → z0 =
Eσn + iη, with η an infinitesimal imaginary part of the
energy that is taken to 0 (η → 0+) at the end of the cal-
culation. Separating the contribution τ = σn from the
rest of the sum on the second line of Eq. (4), we can
re-write it as
〈σ′k′|Tˆ (z0)|σk〉 = 〈σ′k′|Vˆ |σk〉
+
∑
τ 6=σn
1
Ω
∫
1BZ
dq
〈σ′k′|Vˆ |τq〉〈τq|Tˆ (z0)|σk〉
Eσn − Eτ (q)
+
1
Ω
∫
1BZ
dq
〈σ′k′|Vˆ |σnq〉〈σnq|Tˆ (z0)|σk〉
iη
. (5)
Notice that on the second line of the above equation we
have used our assumption that the flat-band is gapped.
It is now immediate to realize that, for Eq. (5) to have
a non-trivial solution, the on-shell T-matrix elements of
the form 〈σnq|Tˆ (z0)|σk〉 must vanish as ∼ η for η → 0+.
In order to get rid of the seemingly divergent term in Eq.
(5), we define
〈σnq|Tˆ (z0)|σk〉 ≡ iη〈σnq|tˆ(z0)|σk〉, (6)
and therefore Eq. (5) reads
〈σ′k′|Tˆ (z0)|σk〉 = 〈σ′k′|Vˆ |σk〉
+
∑
τ 6=σn
1
Ω
∫
1BZ
dq
〈σ′k′|Vˆ |τq〉〈τq|Tˆ (z0)|σk〉
Eσn − Eτ (q)
+
1
Ω
∫
1BZ
dq〈σ′k′|Vˆ |σnq〉〈σnq|tˆ(z0)|σk〉. (7)
Consider now, in Eq. (7), the matrix elements with σ′ =
σn. After using the definition (6), and taking the limit
3η → 0+, we obtain
− 〈σnk′|Vˆ |σk〉 =
∑
τ 6=σn
1
Ω
∫
1BZ
dq
〈σnk′|Vˆ |τq〉〈τq|Tˆ (z0)|σk〉
Eσn − Eτ (q)
+
1
Ω
∫
1BZ
dq〈σnk′|Vˆ |σnq〉〈σnq|tˆ(z0)|σk〉. (8)
The final system of equations that must be solved for
the on-shell T-matrix is therefore given by Eqs. (7) for
σ′ 6= σn, and Eq. (8) when σ′ = σn.
We now have all that is necessary to study collisions in
flat bands. However, just with the Lippmann-Schwinger
set of equations (7) and (8) the physics is not very trans-
parent. We can easily see, from Eqs. (8) and (6), that
〈σnq|tˆ(z0)|σnk〉 satisfies
−〈σnk′|Vˆ |σnk〉 = 1
Ω
∫
1BZ
dq〈σnk′|Vˆ |σnq〉〈σnq|tˆ(z0)|σnk〉.
(9)
To prove the above, we only needed to use that
〈τq|Tˆ (z0)|σnk〉 = 0, which is granted by Eq. (6). In the
projected flat band subspace, Eq. (9) can be rewritten as
− Vˆ = Vˆ tˆ(z0). (10)
We diagonalise Vˆ in the flat band subspace in order to
solve Eq. (10). We choose a unitary operator Uˆ that di-
agonalizes Vˆ . The corresponding orthogonal set of eigen-
functions are |σnαk〉 and their eigenvalues are denoted by
V (αk). This means
|σnαk〉 = Uˆ |σnk〉. (11)
Eq. (10) becomes
− ΩV (αq)δ(q− q) = V (αq′)〈σnαq′ |tˆ(z0)|σnαq〉. (12)
For a short-range potential Vˆ , most of its eigenvalues
vanish. We define the set of vanishing eigenvalues as
I0 = {q ∈ 1BZ : V (αq) = 0}, (13)
and IV ≡ 1BZ−I0. For q and q′ in the set I0, the matrix
elements 〈σnαq′ |tˆ(z0)|σnαq〉 are arbitrary, as is seen from
Eq. (12). If q′ is in IV instead, then 〈σnαq′ |tˆ(z0)|σnαq〉 =
0. For q in IV , if q 6= q′ we have that 〈σnαq′ |tˆ(z0)|σnαq〉
is arbitrary, while if q = q′ we have 〈σnαq′ |tˆ(z0)|σnαq〉 =
−2π.
We now shall calculate the scattering states. We split
the scattering state |ψ〉 into incident |ψ0〉 and scattered
|ψs〉 waves, as
|ψ〉 = |ψ0〉+ |ψs〉. (14)
The relation between scattered and incident waves in
terms of the T-matrix is given by
|ψs〉 = Gˆ(0)(z0)Tˆ (z0)|ψ0〉. (15)
The incident state is nothing but a flat band state, |ψ0〉 =
|σnk〉. The scattered wave has the form
〈σnk′|ψs〉 = 〈σnk′|Gˆ(0)(z0)Tˆ (z0)|σnk〉
=
1
iη
〈σnk′|Tˆ (z0)|σnk〉
= 〈σnk′|tˆ(z0)|σnk〉, (16)
where in the last step we have used Eq. (6). We now
set all the arbitrary matrix elements discussed above to
a constant value γ. Using the T-matrix calculated above,
and after some algebraic manipulations, we find that the
total scattering wave function is given by
|ψ〉 = |σnk〉+
∫
1BZ
dk′
Ω
|σnk′〉
[
γ
∫
I0
dq′
Ω
〈σnk′|σnαq′〉
×
∫
1BZ
dq′
Ω
〈σnαq|σnk〉 −
∫
IV
dq
Ω
〈σnk′|σnαq〉〈σnαq|σnk〉
]
.
(17)
We now make the simple choice γ = 0. This does not re-
duce the generality of our discussion as any other choice
of γ would merely result in a different projection oper-
ator within the flat band and thus would yield no new
solutions. Together with the resolution of the identity,
1ˆσn =
∫
1BZ
dk′
Ω
|σnk′〉〈σnk′|, (18)
and using that
1ˆσn − PˆI0 =
∫
IV
dq
Ω
|σnαq〉〈σnαq|, (19)
where PˆI0 is the projector onto the eigenspace of Vˆ as-
sociated with eigenvalue zero (on the projected flat band
subspace), we now obtain
|ψγ=0〉 = PˆI0 |σnk〉. (20)
We see that the scattering states obtained in this way
are constructed by taking a non-interacting Bloch wave
in the corresponding flat band σn, and projecting it onto
the subspace of zero eigenvalues of the potential Vˆ .
A. Localised states
We turn our attention now to localised states in flat-
banded one-dimensional lattices. These occur generally
in highly frustrated systems, and correspond to a change
of basis from usual Bloch waves. The physics of localised
states is easy to grasp: since all Bloch waves share the
same energy, any arbitrary superposition thereof is an
eigenstate, too. If the flat band has a non-vanishing den-
sity of states [64], we can integrate over all flat band
modes with particular weights in order to obtain a lo-
calised eigenstate. It is simple to visualize this scenario
4by considering a toy model. Assume that a particle
in a one dimensional lattice has a single dispersionless
“band”, and the eigenstates are plane waves with mo-
mentum k. The corresponding flat band can be taken to
have zero energy (E(k) = 0). The following states are
also eigenstates
δx,x0 =
1
2π
∫ π
−π
dk exp(ikx) exp(−ikx0), (21)
and are obviously localized. This model, as unphysical
as it seems, already contains all we need to know about
localized flat band states in more realistic models, as we
will see.
We begin by considering a general one dimensional sys-
tem with a flat band, labeled by σn. We introduce a
probe impurity modeled by a potential Vˆ . As is clear
from Eq. (20), scattering states on the flat band sat-
isfy Vˆ |ψ〉 = 0. As before, we denote the Bloch waves by
|σnk〉, with k ∈ 1BZ, and the Brillouin zone volume by
Ω. We perform a change of basis as follows
|σny〉 = 2
Ω
∫ Ω/2
−Ω/2
dky(k)|σnk〉, (22)
The condition |σny〉 ∈ I0 is satisfied if, for all q,
∫ Ω/2
−Ω/2
dky(k)〈σnq|Vˆ |σnk〉 = 0. (23)
The matrix elements of Vˆ are, by construction, given by
〈σnq|Vˆ |σnk〉 = A(q)A(k)
∞∑
x=−∞
[fx(q)]
∗
fx(k)e
i(k−q)x,
(24)
where A(k) is a normalization constant (which we have
chosen to be real and positive), while fx(k) are x-
dependent functions. We are free to choose probe impu-
rity potentials consisting of zero-range potentials acting
on a given site x0, which we label by Vˆ
(0)
x0 , and have the
form (see Eq. (24))
〈σnq|Vˆ (0)x0 |σnk〉 ∝ A(k)fx0(k)eikx0 , (25)
where we have dropped the irrelevant factors that depend
on q. With these considerations, if fx0(k) has no nodes,
Eq. (23) for the zero range potential Vˆ
(0)
x has solutions
of the form
yℓ(k) = e
−ikx0 [A(k)fx0(k)]
−1 e2πiℓk/Ω, ℓ ∈ Z− {0}.
(26)
If, on the other hand, fx0(k∗) = 0 for some k∗, then
obviously Vˆ
(0)
x0 |σnk∗〉 = 0 and one solution is given by
y(k) ∝ δ(k − k∗). Other solutions can be constructed by
eliminating this state from the expansion.
B. Example: Sawtooth Lattice
We consider an impurity located at x = 0 in the so-
called sawtooth lattice in one dimension. The single-
particle Schro¨dinger equation is given by [19]
t
∑
µ=±1
[√
2ψ(x+ µ) +
(1 + (−1)x)
2
ψ(x+ 2µ)
]
= Eψ(x),
(27)
where x are integer lattice sites, and we have set the
lattice spacing d = 1. This system has two energy bands,
one of which is flat while the other one is dispersive.
These are given by
E0(k) = −2t (28)
E1(k) = 2t(1 + cos 2k). (29)
The eigenfunctions in the flat band are given by Bloch’s
theorem, i.e. ψk(x) = φk(x) exp(ikx), where φk(x+2) =
φk(x). The two relevant values of the Bloch functions
φk(0) and φk(1) are given by
φk(0) =
1√
1 + 2 cos2 k
, (30)
φk(1) = −
√
2 cos(k)φk(0). (31)
We see that the only points at which the ”issue” with
the nodes happens is at k = ±π/2. In that case, φk(0)
is a constant while φk(1) vanishes. That is, the eigen-
functions in the flat band with k = ±π/2 vanish at all
odd sites, and those do not see an impurity located at an
odd site. For an impurity located at an even site, such
as the case we are considering, the eigenfunctions are all
non-zero at even sites and there is no such issue with the
nodes.
It is now straightforward to calculate eigenstates of the
impurity potential with zero eigenvalue. We obtain
yℓ(k) =
√
1 + 2 cos2 ke2iℓk, ℓ ∈ Z− {0}. (32)
In the position representation, these eigenfunctions αℓ(x)
get the form
αℓ(x) =
∫ π/2
−π/2
dkei(2ℓ+x)k, x even (33)
αℓ(x) = −
√
2
∫ π/2
−π/2
dk cos kei(2ℓ+x)k, x odd. (34)
Interestingly, the wave functions as constructed above
immediately become, as one would na¨ıvely expect, com-
pletely localised, and form the so-called ”V-states” of the
sawtooth lattice [19],
αℓ(x) = πδx,−2ℓ − π√
2
(δx,−2ℓ+1 + δx,−2ℓ−1) , (35)
which exclude the ℓ = 0 term – the only state that over-
laps with the impurity. If we add the ℓ = 0 state to the
above set of eigenstate (which can be obtained by moving
the impurity to x = 2), we actually recover the localised
flat-band basis [59].
5III. TWO-BODY PROBLEMS
We consider now two or more particles interacting with
each other via a two-body potential Vˆ . We study two dis-
tinct scenarios below. Firstly, we generalise, very briefly,
the result of the previous section on potential scattering
for two particles in single-particle flat bands. We then
move on to study collision theory for one-dimensional
systems with linear dispersions, which is in many ways
analogous to particles in flat bands.
A. Flat bands
We first consider the two-body problem in a system
admitting a flat band. We use the same notations and
definitions of Section II. The difference here is the fact
that the potential Vˆ is here a two-body interaction. We
further assume that the interaction conserves centre of
mass quasimomentum K = k1+k2, where ki is the inci-
dent quasi-momentum of the Bloch wave corresponding
to particle i (i = 1, 2). The two-body scattering states
are calculated in the same way as in Section II and simply
read (see Eq. (20))
|ψ〉 = PˆI0 |σnk1, σnk2〉. (36)
Above, the set I0 is just the degenerate eigenspace of
Vˆ associated with eigenvalue zero on the projected flat
band subspace. We can generalize the two-body result
to any number of particles, provided we are at zero den-
sity or, more generally, at densities below the flat band
critical density νc for which Vˆ would have no vanishing
eigenvalues in the projected subspace.
B. Linear dispersions
In one dimensional many-body systems, dispersion re-
lations for collective excitations are typically linearized
around the Fermi points ±kF . This lead to Tomonaga’s
[60] and Luttinger’s models [61]. While Tomonaga solved
the many-body problem at finite densities correctly, Lut-
tinger found a solution to his model which is only correct
if the Fermi sea is not filled. Note that in Luttinger’s
model the filled Fermi sea corresponds to infinite den-
sity, and Luttinger’s solutions are actually correct at fi-
nite densities, although they do not give the ground state
[65], at finite densities. The infinite density limit of Lut-
tinger’s model was later solved by Mattis and Lieb in
Ref. [62]. Mattis and Sutherland gave later on further
solutions for one-dimensional linearly dispersed fermions,
which they called “strange” [63]. These correspond to
localized wave functions that minimize the potential en-
ergy. We show here, from a scattering-theoretical point
of view, that these “strange” solutions are in one-to-one
correspondence with flat-band scattering states.
For simplicity, we consider a linear, single branch prob-
lem in continuous space. The single-particle dispersion
reads
E(k) = ~v0k, (37)
and we work first without momentum cutoffs ±Λ, that
is, we take the limit Λ→∞ before we try to find the sta-
tionary scattering states. The two-body interaction Vˆ is
assumed to conserve total momentum. Then, any two
particles with total momentum K = k1 + k2 have the
same energy E(K) = ~v0K regardless of their relative
momentum k = (k1 − k2)/2. Therefore, for each K we
effectively have a potential scattering problem in a flat
band. If the interaction has vanishing eigenvalues (that
is, if it has nodes or has finite range), then scattering
states exist and they have the form of Eq. (36). If we now
assume that Vˆ has finite range, that is, V (x1 − x2) = 0
for |x1 − x2| > R, then there are infinitely many scat-
tering states. Since these all share the same energy, for
fixed K, an arbitrary superposition of them also has the
same energy. Hence, if |ψk1,K−k1〉 = PˆI0 |k1,K − k1〉, the
following vector |φK〉 is also an eigenstate
|φK〉 =
∫ ∞
−∞
dk1φK(k1)|ψk1,K−k1〉. (38)
In particular, we can choose a completely co-localized
relative wave function, and have the simple form
|φK〉 = |K〉|x〉, (39)
for all x for which V (x) = 0. Obviously, all eigenstates,
including those that are not scattering states, are eigen-
states of the potential, and an orthonormal basis of them
is given by the position eigenstates. These are what Mat-
tis and Sutherland called “strange” solutions in Ref. [63].
One of the reasons for this name was simply that they
do not reduce to Slater determinants (for fermions) con-
structed with plane waves in the limit of zero interaction.
As we see now from our perspective, this is not a prob-
lem, since, because of degeneracy, plane waves can be
trivially constructed as superpositions of position eigen-
states. The other, more physical reason, is that from
these solutions one cannot construct the ground state of
the infinitely filled Fermi sea or, equivalently for finite
numbers of particles, the ground state with a momen-
tum cutoff at −Λ. However, this ground state, which
is easily obtained by means of bosonization, is also an
eigenstate of the interaction. To see this, let us write
down the second-quantized Hamiltonian for fermions in
the momentum representation with cutoffs at k = ±Λ,
H = ~v0
Λ∑
k=−Λ
kc†kck +
1
2L
∑
k,k′,q
V (q)c†k+qc
†
k′−qck′ck,
(40)
where ck (c
†
k) annihilates (creates) a fermion with mo-
mentum k. The interaction part of the Hamiltonian con-
serves total momentum. Clearly, for N fermions, the
6state of lowest total momentum K = k1+ . . .+kN corre-
sponds to the Fermi sea |F 〉 =∏Ni=1 c†ki |0〉, and is unique.
Since [Kˆ, Hˆ] = 0, we know that Hˆ |F 〉 is also an eigen-
states of Kˆ with momentum K. But by the uniqueness
of |F 〉, they must be equal up to a multiplicative factor.
Thus |F 〉 is an eigenstate of Hˆ. Using the fact that |F 〉 is
an eigenstate of the non-interacting Hamiltonian implies
that |F 〉 is an eigenstate of the interaction.
IV. DISCUSSION
We have considered what standard scattering theory
has to say about collisions in highly-degenerate, or flat
bands. We have found that, while the on-shell T-matrix
vanishes in general linearly with energy, i.e. Tˆon−shell ∼
iηtˆ for η → 0+, it has a non-trivial structure given by tˆ
which can be used to extract scattering states. We have
also found that, for incident particles in the flat band, in-
terband transitions are forbidden, and scattering states
only exist if the interaction potential has at least one
vanishing eigenvalue. Due to the extreme energy degen-
eracy, scattering states are not uniquely defined, and we
have shown how a particular choice for certain arbitrary
T-matrix elements yields physically intuitive stationary
scattering states. These are simply given by the pro-
jection of the incident Bloch waves onto the null sub-
space of the interaction potential. Using this fact, we
have shown how to construct localised states in flat bands
that are scattering states off impurity potentials in one
dimension, and particularised to a sawtooth lattice. We
have also considered linearly dispersed continuum sys-
tems and showed how our scattering states are related to
the strange solutions of one-dimensional quantum field
theories found by Sutherland and Mattis [63].
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